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Abstract. Topological quivers generalize the notion of directed graphs in which 
the sets of vertices and edges are locally compact (second countable) Hausdorff 
spaces. Associated to a topological quiver Q is a C*-correspondence, and in turn, 
a Cuntz-Pimsner algebra C*{Q). Given T a locally compact group and a and (3 
endomorphisms on T, one may construct a topological quiver Q aj ^(r) with ver- 
tex set T, and edge set £L a ^(Y) = {{x,y) G T x T | a(y) = f3(x)}. In this paper, 
the author examines the Cuntz-Pimsner algebra O a> p(T) := C*(Q a ,p(r)). The 
investigative topics include a notion for topological quiver isomorphisms, gener- 
ators (and their relations) of the C*-algebras O a ,p(T), and its spatial structure 
(i.e., colimits, tensor products and crossed products) and a few properties of its 
C*-subalgebras. 

1. Introduction and Notation 

1.1. Background. The study of directed graphs have played a pivotal role in the 
construction and analysis of C*-algebras ultimately describing certain C*-algebras 
in terms of easily manageable and computatable relations. That is, given a directed 
graph G = (V, E, r, s) with vertex set V, edge set E, range map r and source map 
s, one may produce a (universal) C*-algebra generated by projections {p v } V £v and 
partial isometries {s e } e£ E satisfying the relations 

(1) s* e s e = p r ( e ) for all e 6 E 

(2) p x = Y.s{e)=x S e S *e for all X G X With < |s _1 (x)| < OO 

(3) s e s* e < p s ( e ) for all e E E. 

Many C*-algebras, such as Cuntz-algebras [H], Cuntz-Krieger algebras [15], the 
Toeplitz algebra and the n by n matrices, are able to be defined by generators and 
relations which correspond directly to such a graph. Other C*-algebras, including 
some that arise in representation theory (see j39j [H3 [58] ) and the theory of quantum 
spaces (see [291 EH EI]), are of considerable importance and interest in determining 
how they may be represented by a graph. 

Schweizer ([HI]) introduced continuous (directed) graphs and so began the analysis 
of spaces of vertices and edges that are topological spaces. Perhaps, the first to 
analyze prototypes of this structure was Deaconu (see [HI HHJ [19], EH]) who was 
interested in groupoid representations of Cuntz-like C*-algebras associated to (non- 
invertible) maps of topological spaces, i.e. to endomorphisms of Cq(X). This led 
Deaconu and Muhly [21] to extend the notion to branched coverings. In order to 
study these C*-algebras, and in particular to compute its ii-theory, it was beneficial 
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to use machinery pioneered by Pimsner in his seminal paper [60] and realize the 
C*-algebra as what is now called a Cuntz-Pimsner algebra. Pimsner's work was 
profoundly influenced by the theory of certain graph C*-algebras (in particular, 
Cuntz-Krieger algebras) and crossed products by Z independent of the study of 
"continuous graph C*-algebras." 

The notion of topological quivers generalizes that of directed graphs. This is a 
quintuple Q = (X, E, r, s, A), where X and E are locally compact (second countable) 
Hausdorff spaces, r and s are continuous maps from X to E with r open, and 
A = {\ x }x£E is a system of Radon measures. With topological quiver, one can 
associate a Cuntz-Pimsner C*-algebra C*(Q) that also generalizes the notion of 
graph C*-algebra. In a purely set-theoretic perspective, Q is a directed graph and 
the system of measures is to enable one to replace sums (that arise in the graph 
theoretic setting) with integrals. The term "topological quiver" was adopted from 
the ring-theoretic use of the term quiver which was introduced by Gabriel in [28] to 
describe the graph associated to a so-called basic algebra. 

Two particularly important works were the first to investigate general structures 
of this nature. The first is that of Katsura [38|, \3Q\ HQj HTJ H2] where the term topo- 
logical graph is used to denote a structure similar to a topological quiver (X, E, r, s) 
with the addition restriction that r is a local homeomorphism. If A is taken to be 
counting measures on the fibers of r then it has been shown that the C*-algebra in 
Katsura's work is isomorphic to the C*-algebra produced by considering the topo- 
logical quiver Q = (X, E,r, s, A). The second paper is [7j where Brenken studies 
topological relations (X, E, r, s, A) where E is a closed subset of X x X. The maps r 
and s are the projections of this set into X. Such topological relations can be viewed 
as multiplicity one topological quivers. The topological quivers considered in this 
paper are examples of topological relations. 

In [23], Exel, an Huef and Raeburn define C*-algebras associated with a system 
(B, a, L) where a is an endomorphism of a unital C*-algebra B and L is a positive 
linear map L : B — > B such that L(a(a)b) = aL(b) for all a,b G B called a transfer 
operator. In fact, the C*-algebra they generate is a Cuntz-Pimsner algebra and under 
certain restrictions, a C*-algebra associated with a topological quiver; in particular, 
when B = C(T d ) the continuous function on the d-torus, F G M^(Z) and a is the 
endomorphism 

a{f){e 2mt ) = f{e 2mFt ) 

for / G C(T d ) and t G M d . Furthermore, Yamashita [68] considers topological re- 
lations of the form Q n , m (T) = (T, fi n , m (T), r, s, A) where n,m G Z, gcd(n,m) = 1 
and 

n„, m (T) = {(x,y) GT xT\y n = x m }. 

He then presents the C*-algebra associated with Q n>m (T) as a universal C*-algebra 
with certain generators and relation; that is, the unversal C*-algebra generated by 
a unitary U and isometries Si, S n such that 

n 

US, = S i+1 (1 < % < n - 1), US n = SiU™, S * S i = L 

i=i 
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We generalize the notions considered in [21] and [68] and provide an extensive survey. 

In Section 2, the necessary background material is provided in order to define 
topological quivers and the C*-algebra associated with a topological quiver. We 
then develop a method for determining a presentation of the universal C*-algebra 
and define a notion for a topological quiver isomorphism and prove this morphism 
gives an isomorphism between the associated C*-algebras. Section 3 then contains 
the definition of a particular topological quiver, called a topological group relation, 
defined using a locally compact group T and endomorphisms a and (3; that is, 

QaA T ) = (r,fi«,^(r),r, s, A) 

where 

n aif3 (T d ) = {(x, y) e r x r | a(y) = /3(x)}. 
For instance, if F, G G Md(Z) where det F, det G ^ 0, then 

Q F , G (T) d = (T d ,fi FiG (T d ),r, S ,A) 

where 

f^, G (T d ) = {(x,y) G T d x T d | cr F (y) = <7 G (x)} 

and crp(e 2?rrf ) = e 2mFt for t G R d . These topological group relations are a general- 
ization of the topological quivers studied in [21] and [68] and they also share many 
similar properties with the Cuntz algebra. We also consider many other examples of 
topological group relations and also presents the C*-algebras, Ojr,<?(T d ) associated 
with Qi? G (T d ) as a universal C*-algebra generated by commuting unitaries {Uj} d =1 
and an isometry S satisfying certain relations: 

(1) S*U V S = 6f, 

(2) U?S = SU G \ for all j = 1, d and 

(3) i = Ev&m u»ss*u-» 

where U v denotes YYj=i Uj J and 3(F) — {u — (uj) G Z | < Uj < aj — 1}. In Section 
4, we investigate a few properties of C*-subalgebras of OF t a(T d ) while in Section 5, 
we examine the spatial structure of OF,c^ d ) an d present C_F iG (T rf ) as the crossed 
product by an endomorphism of a colimit. In |62j, Stacey defines the crossed product 
by an endomorphism, p, as the universal C*-algebra B x p N generated by (a copy 
of) B and an isometry s such that p(b) = sbs* for all b G B. Ultimately, it is shown 
that 

F , G (T d ) = (co\im k M Nk (C(T d ))) x p N 
where the isometry s is, none other than, S. 

1.2. Notation. The sets of natural numbers, integers, rationals numbers, real num- 
bers and complex numbers will be denoted by N, Z, Q, R, and C, respectively. 
Convention: N does not contain zero. Finally, Z p denotes the abelian group Z/pZ = 
{0, 1, ...,p — 1 mod p] and T denotes the torus {z G C | \z\ = 1}. Whenever conve- 
nient, view Z p C T by Z p = {2 G T | z p = 1}. 

For a topological space K, the closure of Y is denoted Y. Given a locally compact 
Hausdorff space X, let C(X) be the continuous complex functions on X, Cq(X) 
be the continuous complex functions on X vanishing at infinity, and C C (X) be the 
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continuous complex functions on X with compact support. The supremum norm, 
denoted || ■ W^, is defined by 

||/|U = sup{|/(x)|} 

for each continuous map / : X — Y C For a continuous function / G C C (X), denote 
the open support of / by osupp / = {x E X | f(x) ^ 0} and the support of / by 
supp / = osupp/. 

For C*-algebras A and B, A is isomorphic to B will be written A = B; for 
example, we use C(T d ) <g> M N (C) ^ M N (C(T d )). Moreover, A® n denotes the n-fold 
direct sum A® ■ ■ ■ ©A Given a group T and a ring i?, a normal subgroup, N, of T is 
denoted iV < T and an ideal, J, of i? is denoted I <R. Note if R is a C*-algebra then 
the term ideal denotes a closed two-sided ideal. Furthermore, End(r) (End(i?)) and 
Aut(r) (Aut(i?)) denotes the set of endomorphisms of T (R) and automorphisms of 
T (R), respectively. For a map 7 : V — > Aut(A), the fixed point set is denoted A' 1 
and defined by 

A 1 = {a E A J 7(g) (a) = a for each g E T}. 
Let a E C(X) then a* G End(C(X)) denotes the endomorphism of C(X) defined 

by 

a#(f) = f o a for each / E C(X). 
Let S be a set and define the Kronecker delta function 5 : S x S — )• {0, 1} by 

JO if s^r 
S s ■= 5{s,r) = t 

II it s = r 

2. Preliminairies 

2.1. Hilbert C*-modules. 

Definition 2.1. jl8] If A is a C*-algebra, then a (right) Hilbert A-module is a 
Banach space £4 together with a right action of A on £4 and an A-valued inner 
product (•, -)a satisfying 

(1) (£,7ia) A = (£,rj) A a 

(2) (Z,v)a=(v,Z)\ 

(3) (e,O>0and||e|| = ||(e,OY 2 |U 

for all r] E £a and a G A (if the context is clear, we denote 8 a simply by 8). 
For Hilbert A-modules 8 and J 7 , call a function T : £ — )■ J 7 adjointable if there is a 
function T* : F ^ 8 such that (T(£),r)) A = (f , T*(r/)) A for all £ G £ and 77 G J 7 . Let 
£(£, J 7 ) denote the set of adjointable (A-linear) operators from £ to J 7 . If £ = J 7 , 
then £(£) := £(£, 8) is a C*-algebra. Let fC(8, J 7 ) denote the closed two-sided ideal 
of compact operators given by 

J 7 ) := span{^f | £ G £, 7/ G J 7 } 

where 

^,f(0=^,C)A for each (e8. 
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Similarly, JC(£) := JC(£,£) and 6^ rj (or 6^ yV if understood) denotes 6^ . For Hilbert 
A-module £, the linear span of {(£, rj) | £,r] G £}, denoted (£,£), once closed is a 
two-sided ideal of A. Note that £(£, £) is dense in £. The Hilbert module £ is called 
if (£,£) is dense in A. The Hilbert module refers to the Hilbert module A 
over itself, where (a, b) = a*b for all a,b £ A. 

An algebraic generating set for £ is a subset {wijiez C £ for some indexing set X 
such that £ equals the linear span of {ui ■ a | i <E Z, a E A}. 

Definition 2.2. [37] A subset {Mj}; e x C £ is called a basis provided the following 
reconstruction formula holds for all £ G £ : 



Remark 2.3. The preceding definition is in accordance with the finite version in 
[37J, but many other versions exist such as in [21] where {wj}™ =1 is called a finite 
Parseval frame, or in [SS] where this is taken as the definition for finitely generated. 
There has been substantial work done on similar frames (see |32j). 

Definition 2.4. [TQ1 [TTj If A and B are C*-algebras, then an A—B C* -correspondence 
£ is a right Hilbert B-module £g together with a left action of A on £ given by a 
*-homomorphism <pA '■ A — >■ £(£), a • £ = </>a(o)£ for a 6 i and £ G £. We may 
occasionally write, a£b to denote an A — B C*-correspondence and <fi instead of 
4>a- Furthermore, if a 1 £b 1 and a 2 J 7 b 2 are (^-correspondences, then a morphism 
(tti,T, 7r 2 ) : £ — 7- J 7 consists of *-homomorphisms 7i~j : A, — >■ i?, and a linear map 
T : £ ^ T satisfying 



for all £,?7 G £ and cij G Aj. 

Notation 2.5. When A = B, we refer to ^£4 as a C*-correspondence over A. For 
£ a C*-correspondence over A and J 7 a C*-correspondence over B, a morphism 
(7r, T, 7r) : £ — > J 7 will be denoted by (T, 7r). 





If (ui,Uj) = 5f as well, call {ui} ie x an orthonormal basis of £. 



(i) 7r 2 ((e,r / ) A2 ) = (T(0,T(r / )) i32 

(ii) T(0 Al (a 1 )O=^ 1 (vri(a 1 ))T(O 

(iii) T(Ovr 2 (a 2 ) = T(£a 2 ) 



Definition 2.6. [56] If J 7 is the Hilbert module cCc where C is a C*-algebra with 
the inner product (x,i/)b = x*y then call a morphism (T, 7r) : a£b -> C of Hilbert 
modules a representation of into C. 
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Remark 2.7. Note that a representation of a&b need only satisfying (i) and (ii) of 
definition 2.4 as it was unnecessary to require (iii) since 

imMa) -T(£a)\\ 2 = ||(T(07r(a) - T{ta))*{T{tMa) - T(£a))\\ 

= ||7r(a)*T(0*T(£)7r(a) -T(Za)*T(Z)ir(a) 

-n(a)*T(£yT(Za)+T(£a)*T(£a)\\ 
= \ \Tr(a*(£,£)a - (£a,£)a - a*(£,£a) + (fa,fa))|| 
= \\n(a* (£, Oa-a* (£, £>a - a* (£, £)a + a* (£, £)a) \ \ = 

by condition (i). 

A morphism of Hilbert modules (T, tt) : £ — >■ J 7 yields a *-homomorphism vpy : 
/C(£) -> K(J=) by 

for £,r] E £ and if (S 1 , a) : V £, and (T, 7r) : £ — > T are morphisms of Hilbert 
modules then ty? ° — ^Tos- m the case where J 7 = B a C*-algebra, we may 
first identify fC(B) as B, and a representation (T, tt) of £ in a C*-algebra yields 
a *-homomorphism ty? '■ ~~ >* B given by 

m T {6^)=T{i)T{ V y. 

Definition 2.8. [56] For a C*-correspondence £ over A, denote the ideal (f)~ l (K,(£ )) 
of yl by J(£), and let Jg = J{£) fl (ker^)- 1 where (ker^)- 1 is the ideal {a G A | a& = 
for all b G ker 0} . If and b J~b are (^-correspondences over A and i? re- 
spectively and K < J(£), a morphism (T,tt) : £ — >• J 7 is called coisometric on K 
if 

#r(M a )) = <M?r(a)) 
for all a G i^, or just coisometric, ii K = J{£ ). 

Notation 2.9. We denote C*(T, tt) to be the C*-algebra generated by T(£) and 
7r(y4) where (T, tt) : £ — > B is a representation of in a C*-algebra 5. Further- 
more, if p : B — > C is a *-homomorphism of C*-algebras, then p o (T, 7r) denotes the 
representation (p o T, p o 7r) of £. 

Definition 2.10. [SS] A morphism (Tg, irg) coisometric on an ideal is said to be 
universal if whenever (T, tt) : £ —t B is a representation coisometric on i^, there 
exists a *-homomorphism p : C*(Te,irs) — > 5 with (T, 7r) = po (T £ ,tt£). The 
universal C*-algebra C*(Tg, irg) is called the relative Cuntz-Pimsner algebra of £ 
determined by the ideal K and denoted by 0(K,£). If K = 0, then 0(K,£) is 
denoted by T(£) and called the universal Toeplitz C* -algebra for £. We denote 

In [3H], Katsura provides a sufficient condition to guarantee the nuclearity of the 
Cuntz-Pimsner algebra Og: 

Proposition 2.11. (2HI Corollary 7.4] Let £ be a C*-correspondence over C*-algebra 
A. If A is nuclear, then (9^ is nuclear. 
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2.2. Topological Quivers. Many C*-algebras are achieved as graph C*-algebras 
EI] such as 0, C d (d G N), M n (C) (n G N), K, (the compact operators on a 
separable Hilbert space), the Cuntz algebras O n (n G N) and the Toeplitz Algebra 
T. It was proven in [22] for sinkless graph G and generalized in [S] that C*(G) is a 
(relative) Cuntz-Pimsner algebra. 

A certain notion of "continuous graph C*-algebra" exists when A and E are 
infinite (perhaps nondiscrete) sets, yet a few extra manageable properties for A, 
and E are needed. This notion is what is called a topological quiver which may be 
found in [10J QIJ [56] . 

Definition 2.12. [56J A topological quiver (or topological directed graph) Q = 
(X, E,Y,r, s, A) is a diagram 

X E - JL ^ Y 

where X, E, and Y are second countable locally compact Hausdorff spaces, r and 
s are continuous maps with r open, along with a family A = {X y \y G Y} of Radon 
measures on E satisfying 

(1) supp A y = r~ l {y) for all y G Y, and 

(2) y h. X y (f) = j E f(a)d\ y (a) G C C (Y) for / G C c (£). 

UX = Y then write Q = (X, £7, r, s, A) in lieu of (A, £, A, r, s, A). 

Remark 2.13. It is important to remark that in the literature pertaining to graph 
C*-algebras and their generalizations, various authors interchange the roles of the 
maps r and s in their definitions. Definition |2.12| agrees with that used in most 
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papers on graph C*-algebras (cf . [21 El 0, El EH EE S3 EE] ) • However, Definition 
differs from that used in the higher rank graph algebras of Kumjian and Pask [H1I15] 
and from that used in the topological graph algebras of Katsura [391 ES HD 112] where 
Katsura uses the term topological graph to denote a more restrictive concept. 

Given a topological quiver Q = (A, E, Y, r, s, A), one may associate a correspon- 
dence Sq of the C*-algebra Co (A) to the C*-algebra Cq(Y). Define left and right 

cLCt lOHS 

(a ■ £ ■ b)(e) = a(s(em(e)b(r(e)) 

by Co (A) and Cq{Y) respectively on C C (E). Furthermore, define the C c (F)-valued 
inner product 



(Z,v)(v)= i{a)r]{a)d\ y (a) 

for £, 7] G C C (E), y G Y, and let Sq be the completion of C C (E) with respect to the 
norm 

M\ = \\(t,o i/2 \\oo = \\\ y (\e)\\i!?. 

Definition 2.14. Given topological quiver Q over a space A, define the C*-algebra, 
C* (Q) associated with Q to be the Cuntz-Pimnser C*-algebra Os Q of the correspon- 
dence Sq over A = C (A). 

Proposition 2.15. [531 Proposition 2.21] If the left action, 0, is injective, then the 
universal map %a '■ A — > Og Q is injective. 
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Proposition 2.16. C*(Q) is nuclear for any topological quiver Q. 
Proof. Since abelian C*-algebras are nuclear, so is A = Cq(X) and hence by Propo- 
sition 2.11, C*(Q) is nuclear. 

□ 



Example 2.17. 



(1) Let G = (X, E, r, s) be a directed graph and let X y be counting measure on 
r _1 (|/). Then G along with this family of Radon measures A on E becomes 
a topological quiver Q = (X, E,r, s, A). As we have already mentioned, 
C*{G) S C*(Q). 

(2) In [39], Katsura uses topological graph G = (X,E,r,d) to be the more 
restrictive situation using two continuous maps r,d : E —> X with d a local 
homeomorphism. We may set X x to be counting measure on d~ l (x) since 
d~ 1 (x) must be a discrete space. Then Q = (X, E,d,r, A) is a topological 
quiver. Furthermore, Katsura defines an associated C*-algebra C*(G) which 
is isomorphic to C*(Q) [3"9l Definition 2.9 and Definition 2.10]. 

(3) In [7J, Brenken defines a C*-algebra associated to a closed relation, a C X x 
X, on a topological space X with 7Tj the usual projection map onto the z-th 
coordinate. There is a Radon measure \x x such that supp \x x = n 2 1 (x) for all 
x G X . The Cuntz-Pimsner algebra of the associated correspondence, C*(a) 
is isomorphic to C*(Q) where Q is the topological quiver (X, a, 7T2, 7T\, /jl). 
Such topological quivers are referred to as topological relations. 



Theorem 2.18. Let Q = (X, E, r, s, A) be a topological quiver with X compact. If 
Sq has a finite orthonormal basis {«i}™ =1 C C C (E) and <ft is injective then C*(Q) is 
the universal C*-algebra generated by C(X) and elements {S^}^, where 3 is the 
module generated by {ui}f =1 , satisfying the relations: 



(1) S a £ + p v — aS^ + (3S V , 

(2) a- S(-b = S a< . b , 

(3) S* Ui S Uj — Sjl E C(X), 

(4) Er=i^5; = i 



and 



for all a, (3 G C, a,b G C(X) and ^,r] E 3. Moreover, the Toeplitz-Pimsner algebra 
T(Q) '■= T{£q) is the universal C*-algebra satisfying (l)-(3). 

Proof. Let A be the universal C*-algebra generated by C{X) and {S$ ^ G 3} 
satisfying the relations: 



(1) S a £ + p v — aS^ + (3S V , 

(2) a- S(.-b = S a< . b , 

(3) S* S Uj = S*l, and 

(4) Eti-V^l 
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for all a, (3 G C, a, b G C(X) and £,1] E 3. To show the existence of A, calculate 

1 1 3d I = l|S£? =1 «i<ui,oll 

hiE-m^oii 
i=i 

n 

< Ell^llll^'^H 00 
i=l 

for each £ G 3 and furthermore, 1 1 *S' Ui ] ] 2 = = 1. Since I loo is bounded 

in C(X), A. exists universal C*-algebra. 
Now if a G C(X) then 

n n 

J2 9 ^,uAO(e) = ^(o-UiXui.eXe) = a(a(e))e(e) = (#a)0(e); 

i=l i=l 

that is, J(£q) = C(X). Then let (T„,7r u ) be the universal representation of Sq in 
C*(Q) coisometric on J £q = J(£q) (since is injective.) Setting S$ = we 
have S a £ + p v = aS^ + (3S V , a ■ S% ■ b = S a .^.b, and S*.S U] = (ui,uj) — Sjl for all 
a, j3 G C, a,b G C(X) and £,1] <E 3. Finally, the reconstruction formula can easily 
be rewritten as 

n 

J2^,u t = leC(X) = J £Q , 
i=i 

hence, (4) is evident. Thus, there exists a homomorphism p : ^4 — > C*(Q) such that 

St H- T„(0 

and 

for each £ G 3 and a G C(X). 

Conversely, given {S^}^ satisfying (l)-(4), we construct a coisometric represen- 
tation (T, 7r) of £q into .4.; that is, let T(£) = S% for each £ G £q(= 3, since {-Uj}" =1 
is a basis) and let ir be the inclusion of C(X) into the universal C*-algebra stated 
above. With this in mind, (1) and (2) imply that T is a linear map that satisfies 



T(a-Z-b)=a-T(Z)-b. 
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Furthermore, if £, 77 G Sq then 

n n 

T(0*T( V ) = T(Y^u l (u l ,OTT(Y,u J (u vV )) 

i=l 3=1 
n n 

i=l 3=1 

n n 

1=1 1=1 

n 
i=l 

Finally, if a e C(X) then 

n n n 

i=l i=l 1=1 

Thus, ^t(4>{0')) — Q> and hence, (T, 7r) is coisometric. Thus, there exist a homomor- 
phism r : C*(Q) — > ^4 such that r o (T M , 7r u ) — > (T, 7r) where (T u , n u ) is the universal 
coisometric representation of Sq in C*(Q). Thus, 

ro P (St) = T(T u (0)=T(0 = St 

and 

r o p(a) = r(7r u (a)) = 7r(a) = a 
for each £ £ Sq and a 6 A; that is, p and r are isomorphisms. 

□ 

Remark 2.19. The existence of a basis {wj}" =1 forces X^2=i = 1 an d hence, X 
must be compact and </> must be injective. 

2.3. Topological Quiver Isomorphisms. A notion for a topological quiver iso- 
morphism based on the definition of a directed graph isomorphism is introduced. 

Definition 2.20. Let Q = (X, E, Y, r, s, A) and Q' = (X', E', Y', r', s', A') be topo- 
logical quivers. If there exist homeomorphisms ifi : X — > X', ip2 '■ Y — > Y', 
and ip : E E' where ip is measurable and there exists a family of constants 
{h y > | y E Y} such that 

(1) Ms(e)) = s>^(e)) 

(2) ^ 2 (r(e)) = r'(V(e)) 

(3) A; (y) (5) = /^MCW 1 ) 

for each e G E, measurable B C\ E and y <E Y, then say Q and Q' are isomorphic 
and write Q = Q'. 

Remark 2.21. Recall that a measurable map ?/> : E — )■ £" is one that satisfies 
ip~ 1 {B l ) is measurable in for each measurable subset B' C £" (see [67].) For any 
homeomorphism ip : E — )■ £" and compact X C -E", assume f/' -1 ^) is covered by 
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the open collection {Ui}i e x- Then if) 1 (K) C Uj e x£/j implies K C Ui e zijj(Ui). Hence, 
if is covered by the open sets ip(Ui) and so, K C U^^C/^) for some open subcover 
{■0(^)}j=i- Finally, ^^(K) C U^C/^.; that is, il)~ l (K) is compact and thus, ^ is 
a proper map. Note assuming ip is open, injective and continuous is enough to show 
that if) is a proper map. 

Theorem 2.22. Let Q = (X,E,r,s,\) and Q' = (X', E' , r', s', A') be topological 
quivers. ]f Q = Q' by ((p,^,h), then 0{K,£ Q ) ^ 0(K',Eq.) for any closed ideal 
X' of J{£q) where K = tp#(K'); that is, given a homeomorphism </? : X — > X', a 
measurable homeomorphism ip : E — >■ £" and a family of constants {/i^ > | y G X} 
satisfying 

(1) Vl ( a (e)) = ^(e)) 

(2) W (r(e)) = ^(e)) 

(3) A; (W) (S)= J B hyd(XyO^) 



for each e & E, measurable B C E and y EY, then 0(K,£ Q ) = 0(K',£ Q ,). 
Proof. Define T : C c (£') ->■ C c (£) and vr : C7 (X / ) ->■ C7 (X) by 



Tb(0(e) = ^(e)W(e)) and tt(o') = a' o v 



for all f G C c (£') and a' G C (X'). Since ^ is proper, T (g) G C7 C (£) for each 
C G C c (£')- For i e ^ c (^')> a, /? G C and e G £, 



T «' + /V)(e) = ^( e 2 )« + ^')^(e)) 

= < e 2 ) K / (V(e))+^'(^(e))) 
= «< e 2 ) e / (^(e)) + /3^ e >'(^(e)) 
= (aT (O+/Wl)(i/))(e); 



that is, T is a linear map, and hence there exists a lift to a linear map T : £q/ — > £q 
such that T | c c {E') — Tq. We now claim that (T,n) is a coisometric morphism of 
correspondence £qi to correspondence £q. 
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To see this claim, let y G X, e G E, Z',rf G C C {E') and a' G C (X'): 
(1) m',v'))(y) = «W>Mv)) = J W)v'(e')d\' v{y) (e') 

= f W o iffljW o ^-\e'))h r(e) d(X y o ^-^(e') 

(2)T^'.a')(e) = h 1 r / { 2 e) (e-a'me)) 

= < e 2 )(e , °^)(e)(a'(r'(^(e)))) 

= T(0(e)(a'o ¥ ,)(r(e)) 
= T(e>(a')(e) 

and similarly, 

(3) T(0(a')O(e)=vr(a')T(O(e). 

Finally, (4) Suppose a 1 G J(£q>) = (0 / ) _1 (A^(^Q'))- Then for every e > 0, there exist 
9 e of the form 

/c=i 

where £' k ,r) k G C C (E') such that ||# e — 0'( a ')ll < e - To show that (T,ir) is coisometric, 
it is enough to show that ^ T {4>' '(a')) = ^M* 3 ')) f° r an a ' — %,??' where 77' G C C (E'). 
To this end, let C G C c (£) and e G £. Then 

0(7r(% y ))C(e) = (^o^)( s (e))C(e) = %, v ( S (^(e)))C(e) 

= (%y • (c o r l m{e)) = ew, c ° r 1 )^)) 

= W(e)) | ^V)(Cor 1 )(e , )d^ W(e)) (e') 

= WOO) / ( ?7 'o^(V- 1 (eO)(CoV- 1 )(e / )^ (r(e)) (e') 

= W(e)) | (V o ^)(^-i(e'))(C o ^"^(e') dA r(e) (r V)) 

= W( e )) y (V V')(eo)C(eo)^r(e) dA r(e) (e )) 

= ^S(€ / o^)(e)<< ) (i/o^),C>(r( e )) 
= T(0-<T(i/),C>(e) 
= 0'(^T(5'),T(v))C(e) 
= M/ T (0'(%,,O)C(e). 
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Hence, (T, 71") is coisometric. 

Now take the universal representations (T K , n K ) and (T K i,7Tk') that are coisomet- 
ric on K = ip#(K') = tt(K') and K', respectively. First, we need to show that K 
is a closed ideal of J(£q). Note it is easy to see that n(a) G (f)~ l {K(£q)) for each 
a G J(£q') from the long calculation above and so, 7r( J(£q')) Q J(£q)- Furthermore, 
since C C (E) is in the image of T, we must have J(£q) = 7t(J(£q/)). If a G J(£q) and 
b G K, then there exist a' G J(£q>) and 6' G iC such that a = 7r(a') and 6 = n(b'). 
So 

a& = T^a'fe') G Tr(tf') = 1C 

Likewise for ha & K and closure follows from the fact that (p is a homeomorphism. 

We now claim that (T^, 71^)0 (T, tt) is a morphism that is coisometric on K' . To see 
this, let 4>k be the left action homomorphism and a' G K', then vr(a') = (p#(a') G .fT 
and 

# TK0T (<//(a')) = % K (0(7r(a'))) = ^(tt* o 7r(a')). 

Now by the universal property of [Tk'^k 1 )-, there exists a *-homo morphism p : 
0(K', £ QI ) , £ Q ) satisfying 

7r^) o (T, 7r) = p o (Tr-z, ir K ,). 

We may do precisely the same with (T _1 ,7r _1 ) : £q — )■ £q/ defined by T _1 (^)(e / ) = 
° ^ _1 )(e') for each e' G £' and f G C c (£) with the lift T" 1 : £ Q -> £q, sat- 
isfying T _1 | c c (B) — To" 1 . Also, 7r _1 (a) = a o (p _1 for each a G C (X). Furthermore, 
note K' = ((p~ r )#(K). Thus, by the universal property of (Tk,ttk), there exists a 
*-homomorphism r : 0(K,£q) — )■ 0(K',£q/) satisfying 

and we note por = id {K,s Q ) and rop = id (K',e Q ,)- Hence, 0(K,£ Q ) = 0(K',£q>). 

□ 



Corollary 2.23. With the notation of Theorem [2^22] if Q = Q' then T(Q) = T(Q') 
and C*(Q) C*(Q'). 

Proof. We need only show 7r(j£ Q/ ) = J^ Q . So given any b G ker</>, £' G £q/ and 
e'eE', 

= 6-(eo^)(^- 1 (e'))=0 

since <p(b) = 0, and so b o <p _1 g ker</>'. Furthermore, for each a' G Je nn 

(j)(ii(a'))b = (a o <p)6 = (a(6 o <p -1 )) o <p = 0. 

Hence, 7r(o) G (ker^') -1 and recall from the proof of the previous theorem that 
tt(J(£q')) = J(£q), so 7r(Js Ql ) C Jg Q . Conversely, let a G Jg Q . Then there exists 
a' G J(£q>) such that Tr(a') = a, and given any b' G ker0', 

n(a!b') = air{b') = 
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since n(b') G ker0. To see this, let £ G £q and e E E. Then 
0(7r(6'))£(e) = b'(<p(s(e)Me) 

= <t>\b'){i o ^-^(e)) = (since b' G ker0'.) 
Hence, a'6' = and thus, a' G (kerc//)- 1 , as desired. 

□ 

3. Topological Group Quivers 

3.1. Definitions. We now investigate a particular class of topological quivers re- 
lated to a locally compact group and then form and study its associated C*-algebra. 
This construction leads us to many interesting results including a presentation of 
the C*-algebra, and the spatial structure of the C*-algebra. 

Definition 3.1. Let T be a (second countable) locally compact group and let a, (5 G 
End(r) be continuous. Define the closed subgroup, ^^^(r) , of Y x T, 

n a!(3 (T) = {(x,y)eTxT\a(y) = ^x)} 

and let Q a ^{T) = (T, D, a ^(F), r, s, A) where r and s are the group homomorphisms 
defined by 

r(x,y) = x and s(x,y) = y 
for each (x, y) G f2 Q ( g(r) and \ x for x G V is the measure on 

r _1 (x) = {x} x a~ l (f3(x)) 

defined by 

\ X (B) = ii(y' 1 s(B n r _1 (a;)) n kera) (for anyy G a~ l ((3(x))) 

for each measurable B C Q a ^(T) where fi is a left Haar measure (normalized if 
possible) onr _1 (lr) = {ljxkera (a closed normal subgroup of TxT; hence, a locally 
compact group). Note if r _1 (x) = then a^ 1 ((5(x)) = and so A^ = 0. This measure 
is well-defined. If j/1,2/2 £ a' 1 ((3(x)) then y^Ui G kera and y^yikeia = kera. 
Hence, 

^i(yi 1 s(B nr 1 ^)) nkera) = ^(y^y^ 1 s(B nr 1 ^)) nkera]) 

= Mb 2 ~VyrM£ nr 1 ^))] n [y^yikera]) 
= fi(y 2 1 s(B n r _1 (a;)) nkera) 

for each measurable C fi ajy8 (r). 

Furthermore, let x G T. If y G a _1 (/3(:r)) 7^ then for any y G a _1 (/3(a;)), 

«(y _1 yo) = a^rM^/o) = /3(a;) -1 /3(:r) = l r ; 

hence, y~ l yo G kera and y = yy~ 1 yo G ykera. So a~ 1 (/3(a;)) C ykera and if 
y = yz for some z G kera, then a(y ) = a(yz) = a(y) = (3(x). Thus, a _1 (/3(x)) = 
ykera. So if r _1 (x) = then supp A^ = = r _1 (a;) and if (x, y) G r~ 1 {x) then 

supp As = {x} x ykera = {2;} x a _1 (/3(x)) = r _1 (x). 
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Moreover, the map 

x^ f(e)d\ x (e)= / f(x,yz)d/j l (z) 

Jr~ 1 (x) Jhera 

has (closed) support contained in r(supp /) (which is compact for each / £ C c (fl a ^(T)).) 
Finally, the combined facts that a and are continuous endomorphisms (hence, open 
maps) and / has compact support guarantees that this map is continuous. 

Call Qa,p(T) a topological group relation. Define £ a ^{T) to be the Co(r)-correspondence 
^Q a/3 (r) an d form the Cuntz-Pimsner algebra 

O^T) := C*(Q a>0 (V)) = 0(J £aAr) ,£ a AT)) 

and the Toeplitz-Pimsner algebra 

%, {Y) := T(Q«,0(r)). 

Remark 3.2. It will be implicitly assumed that V is second countable. Furthermore, 
since V is locally compact Hausdorff, r _1 (x) is closed and locally compact. Moreover, 
whenever r is a local homeomorphism, r~ l (x) is discrete and hence, X x is counting 
measure (normalized when |kera| < oo.) 

Further note the nomenclature "topological group relation" is chosen because the 
topological quiver Q a ^{T) is a topological relation as introduced in [7j. 



Remark 3.3. By Theorem 2.22, we see that the resulting C*-algebra is independent 
of the left Haar measure chosen, since any two such left Haar measures will satisfy 
\x = cfi' for some c > 0. Thus we may solely regard the normalized left Haar measure 
when available. 

Lemma 3.4. If T is a compact group and a is a continuous endomorphism on T, 
then ker a is either finite or an uncountable perfect compact set. 
Proof. Assume ker a = {zj}i e j is not finite. Then since T is compact and kera is 
the preimage of a closed set, kera is compact. Furthermore, let hmz n = z6 kera 
where {z n ^ z} n eN is a convergent subsequence. Then, for any y G ker a, 

y = \\myz' l z n 

n 

but y yz~ 1 z n for all n, so ker a is a perfect set. The Baire Category Theorem 
implies any perfect compact space must be uncountable. 

□ 

We will be mainly concerned with examples where ker a is finite, but we shall give 
a non-trivial example when | kera| = oo in a later subsection. If | kera| < oo and 
y E a^ 1 ((3(x)) then 

|r _1 (x)| = |{x} x a~ 1 ((3(x))\ = |a _1 (/3(a;))| = {ykera} = |kera| < oo. 

Hence, the inner product on £ a ^{Y) becomes 

(£,v)(x) = M 1 | £{x,y)v(x,y)- 

1 ker a L — ' 



16 



SHAWN J. M C CANN 



Moreover, one may inquire, "When is Q a ,p{F) sourceless/sinkless?" This is, in fact, 
quite easy to see. We note r(Q aj p(T)) = a _1 (/3(r)) and s(fl a; p(T)) = f3~ 1 (a(T)). 
Hence, Q a ,p(F) is sourceless (or sinkless) if and only if a _1 (/3(r)) = Y (or f3~ 1 (a(T)) = 
T.) In particular, Q a ,p{T) is sinkless and sourceless if a and (3 are surjective. 

Given a continuous function ou : F — > (0, oo), define a family of Radon measures 
{K | x G T} by 

K(B)= [ u(s(e)) d\ x (e) 
Jb 

for each measurable B C VL a ^{T) and let 

|A^(Olloo=sup{/o;( S ( e ))|e| 2 (e)rfA x ( e )} 



|2 



for each £ G £ ai/ 3(r). 

Lemma 3.5. Let T be a compact group. Then || • || w is an equivalent norm of || • ||. 
Proof. First, || • || w is a seminorm and there exist m, M > such that < m < 
u(x) < M for each x G T. Thus, 



m\t = sup{ / u(s(e)m\e)dX x (e)} < Msup{ / |£| 2 (e) d\ x (e)} = M\\^ 
xer J xgt J 

for each £ G £ a)/ g(r). 

On the other hand, given £ G £ a /9(r) there exists a; G T such that ||£|| 2 

so 



IKII«>A£,(0 = ]"(^))ler(e)^ (e) 
>m / |£| 2 (e)^ (e) 



= m||£|| 2 . 

Thus, m||£|| 2 < < M||e|| 2 for each f G £ a>/J (r). 

If | |f | | w = then m||e|| 2 < < M| |£| | 2 . So 1 |f | | = and thus, f = 0. Hence, 1 1 • | | w 
is a norm. 

□ 

Lemma 3.6. Suppose T is a compact group and a, j3 G End(r) are continuous 
such that a has finite kernel. Then the norm given by the inner product, || • ||, 
is equivalent to the sup- norm and C(f2 Qi( g(r)) is complete with respect to || • ||. 
Moreover, S a ^(T) = C(Q a ^(r)) is a full correspondence . 

Proof. Note first that fl a ^(T) is a closed subset of the compact set T x T, hence 
fl aj p(T) is compact. Note 

,, ilkeral if r~ 1 (a;) ^ 

\ T ( X )\ = \ 1 / x rt < 00 

1 V ;I |0 if r" 1 ^) =0 
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for each x E T and so for T = {x E T | r 1 (x) ^ 0}, 

iKir = n&oiioo 

= max{ / |f |(e) d\ x (e)} 

a(y)=/3(x) 

- — r m&x{\£\ 2 (x,y x z)} for any y x E (per x E T ) 



max{ 
r ker a 



ker a I ' ^er 

zSkera 



< 52 max {le| 2 (e)} 

I ker a ^ ee n Q/3 (r) u 1 

zSker a 



loo' 



= lien; 

Next, ^E.ekerJ^O^) < IK!! 2 for each x E T and y E a-\(3(x)). Thus, 
|^| 2 (^, y) < I ker a| 1 |£| | 2 for each (x, y) E Q. a ,p{T) and so, 

' ■|lel| 2 o<llel| 2 <ll^l| 2 o- 



ker a 



Since C{VL a ^{Y)) is complete with respect to the sup- norm, we have that C{VL a ^{Y)) 
is complete with respect to the norm given by the inner product. 

Finally, note that £ a ^(T) is full since given any a E C(T), it is possible to define 
E C(Q a> p(T)) by £(x,y) = 1 and r}(x,y) = a(x) for (x,y) E Q a ,p{T) and note 



(£,T})(x) = J £{e)r){e) d\ x (e) = a(x). 

□ 

Remark 3.7. The assertion in the previous lemma concerning the full Hilbert mod- 
ule £ a) p(T) remains true for infinite kernel. The proof is identical. 

In many cases one can simplify a and (5 and yet preserve the structure of the 
topological quiver and hence, the resulting C*-algebra. 

Proposition 3.8. Let a E Aut(r) be continuous. Then 

Qa,p{X) — Qaoa,aop(T) and Q at p(T) = Qaoafioa (Ij . 

Thus, 

O a ^(T) = Co-oa.o-OjS (r), Oa t p(F) = 0aoo,/3oo(r), 

Ta^iT) = 7^-oa,oo/3(r) and Ta^iT) = Taoa,l3oa(X). 



Proof. This is, in fact, a corollary of Theorem 2.22 For the first isomorphism, use 
(f = idr and if) = idn a „(r) while noting 

(x,y) E flaA^) if and OIll y if ( X 'V) e ^aoa,aop(T). 
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Then (p(s(e)) = s(/0(e)), cp(r(e)) = r(ip(e)) for all e G Q a ^{T) and A^ = \° where 
A CT is the family of Radon measures for Q aoQ .,aop(X)- 

For the second isomorphism, use ip = cr -1 and ip(x,y) = (o" _1 (x), a^ 1 {y)). Then 
(x,y) G r~ l (x) if and only if a(y) = (3(x). Let x = cr _1 (a;) and y = a~ 1 (y), 
then (xo,yo) G r~ 1 (if(x)) if and only if (x,y) G r _1 (x) where r CT is the range map 
of Qaoa,poa(T). Furthermore, if (x,y) ^ (x,y') in Cl a ^(T), then y = o~ l (y) ^ 
v^W) = y'o and so > ( x o,Vo) ( x o,y' ) in fi aOCTi/3o(T (r). Thus, we have shown 



where A CT is the family of Radon measure for Q a oa,/3oa(X) since both are left Haar 
measures on the same set. 
Also, for e = (x,y) G D, at p(T) 

ip(s(e)) = a^iy) = s a (ip(e)) and f(r(e)) = a' l (x) = r a (i[)(e)). 



Example 3.9. |24j Let a be an endomorphism of a unital C*-algebra B. A transfer 
operator L for (B, a) is a positive linear map L : B — > B such that L(a(a)b) = aL(b) 
for all a, b G B. [21] calls the triple (B, a, L) an Exel system and create the Cuntz- 
Pimsner algebra out of the right Hilbert module Mi, the completion of B with 
respect to the left and right actions 



When B = C(T) for compact group T and a = /3 # where (3 G End(r), we get 



defines a transfer operator for (C(T),a) where A is the family of Radon measures 
for Qp,i(T). First note that Slp^T) = {(x,y) \ x = /%)} and so (7(fi A i(T)) = C(T) 
where the left and right actions become 



Kp{x) ° i 3 — for some c > 



□ 



a ■ £ ■ b = a£a(b) 



and inner product 



(t, V ) = L(Crj). 



m(x)=\ x ($ 



a-(-b = a(l3*(b) 



and inner product 




C*-ALGEBRAS ASSOCIATED WITH TOPOLOGICAL GROUP QUIVERS I 



19 



for a,b e C(r), £,7) G M L = £pi(T) and x G T. Now for x G T, a G C(T) and 

L(a(a)£)(x) = X x (at(a)£,) 

= J a{P{vM{y) d\ x (x,y) 

= J a{x)i{y) d\ x (x,y) 
= a(x)X x (0 

This shows the C*-algebras Op^(F) were also studied in [21]. Moreover, for the 
C*-algebras a ^(T), notice 

X x (a*(a)-0 = J a(a(s(e)))£(e) d\ x (e) 

= J a(P(r(e)Me)d\ x (e) 

= J a(/3(x))£(e) dX x (e) 
= P#(a)(x)X x (0 

and hence, these topological group relations extend the context in [21] 

However, there are topological group relations that are not of this form; for in- 
stance, 0^0(^3) ^ C n l (Z 3 ) for any n = 0, 1,2 (see Example 3.12.) 

Example 3.10. Let a G End (T) be surjective for some compact group T. Then 

Q ha (T) = {(x,a(x))\xer} = r. 

Hence, the left and right actions become 

(a • £ • b)(x, a(x)) = a(a(x))C,(x, a(x))b(x) 
and the inner product becomes 

(£,v)( x ) = £(x,a(x))r}(x,a(x)) 
for £, 77 G C(f2 ljQ ,(T)), a, 6 G C(T) and a; G T. We quickly note that, for (f> the left 
action of C(T), ker = {0} since a is surjective and so Js liCt (r) — J(£i,a(T)) = 
_1 (/C(C(f2i ja (r)))). We also note, for any a G C(T), £(x,?/) = a(y) defines £ G 
C(fli :Ce (T)) and so 

0^1 (77) (a;, a(a;)) = £(a;, a(x))(l, = a(a(x))r](x, a(x)) = a ■ r/(x, a(x)) 
for all (x, a(x)) G fii iCt (T) and 77 G C(Qi t0 ,(T)); that is, 

J £lia(r) = C(T). 

Now we let m G C(T) be defined by -u(x,a(x)) = 1 for all (x,a(x)) G fii iQ ,(T). 
Then note 

[a ■ u](x, a(x)) = a(a(x)) = [u ■ a # (a)](x, 
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(u,u) = 1 and = £ 

where a#(a)(x) = a(a(x)). Hence, by Theorem 2.18 with S = S u , 

Oi, a (T) = C*(C(r), S\S*S = SS* = 1 and a*{a) = S*aS for all a G C(r)). 

That is, if a* is an automorphism, then 

0i, a ( r ) -C( r ) 

as (indirectly) noted by Pimsner [20] and in particular, if a G Aut(r) then 

Oi, a (r) = c(r) x a# z and o a ,i(r) = o 1)a -i(r) = c(r) x (a -i )# z. 

3.2. Topological Z p — Quivers. 

Example 3.11. Let T be the compact abelian group Z p = Z/pZ. Then (9 a ^(r) is, in 
general, a graph C*-algebra, but this does not yield all such since (l r , l r ) G fi Qj ^(T) 
for all a and 0. Recall End(Z p ) = Z p . 



Q<Z>0 • — ~0 •< — -O <=* «fc> 

FIGURE 1. The Z 2 -quivers: From left to right: Q ,o(Z 2 ), <5o,i( Z 2), 

Qi,o(Z 2 ), Qi,i(Z 2 ) 




Figure 2. The Z 3 -quivers: From left to right and top to bot- 
torn: Q ,o(Z 3 ), Qo,i(Z 3 ) = Qo, 2 (Z 3 ), Qi, (Z 3 ) = Q 2 ,o(Z 3 ), = 
Q 2 ,2(Z 3 ), Qi, 2 (Z 3 ) = Q 2) i(Z 3 ) 



Example 3.12. It can be shown that the graph C*-algebra of a graph with a 
single loop on one vertex is O x = C(T). Hence, Ci,i(Z 2 ) = C(T) © C(T), and 
Oi,i(Z 3 )) = C(T)® 3 . Furthermore, it is shown in [29]' that O ,i(Z 3 ) = C(S* tl ) for 
any g G K\[0, 1] (see [29] for further details). Finally, the author shows Ci i o(Z 2 ) = T 
and £>i, 2 (Z 3 ) = C(T) © M 2 (C(T)) in [gT]. 

Just a few interesting facts concerning these types of topological group quivers 
follow: 

Proposition 3.13. Let n G Z p be non-zero. Then 

Qn,n(Z p ) — LJj=i ' P ' l Qo,o(^'gcd(n,p))- 
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Moreover, 

Proof. Let z = e 2ni/p and let n = gcd(n,p). Denote Z fc = { e 2(fc+mp/noW?> | m = 
0, ...,n — 1} for k = 0,...,p/n — 1. Then note for any G where x = 

e 2(k+mip/n )Tri/p an( ^ _ e 2(k+m2p/no)m/p 

(x^ 1 )™ = e 2(m 1 -m 2 ) 7 ri = 1; 

that is, x n ° = y n °. Furthermore, if ar = e 2 (*i+ m ip/noWp e ^ fel an dy = e ^2+m 2P /n )^i/ P e 
Zfc 2 for fci 7^ fc 2 then 

(xt/ 1 )™° = g 2 ( fc l _fc 2)no^i/P+ 2 ( m i- m 2)Ti _ g2(A:i-A;2)no7ri/p 

but \k\ — k%\ < p/no ensuring that (xy~ l ) n ° ^ 1 (or better written, x n ° ^ y n ° .) The 



rest is now a trivial application of Theorem 2.22 



□ 

It can be shown (see [IB], [23], pQ) that the graph with m-points connected in a 
single length m loop admits the universal C*-algebra M m (C(T)). Let Z* denote the 
multiplicative group {n E Z p | gcd(n,p) = 1}. 

Proposition 3.14. Let n,j9 E N such that gcd(n,p) = 1. Then: 

(1) Qn,i(Z p ) consists of disjoint loops of various lengths less than or equal to 
o p (n) (the order of n in Z*). 

(2) Qi, n (Z p ) =g„,i(z p ). 

(3) The number of base points of loops of length k < o p (n) in Q n) i(Z p ) is 

gcd(n fc — l,p). 

Proof. (1) Given z E Z p , there exists a unique edge with range z, likewise source z, 
since gcd(n,p) = gcd(l,p) = 1. Furthermore, there exists a number k < o p (n) such 
that z n = z. 

(2) It is clear from (1) that reversing the arrows will not change the graph 
(Qi,n(Z p ) is Q n> x(7i p ) with reversed arrows). 

(3) We need only find all solutions, y, to n k y = y mod p. This equation has 
gcd(n fc — l,p) distinct solutions. 

□ 

Example 3.15. With this proposition, it is easy to determine the C*-algebra 
n> i(Z p ) where gcd(n,p) = 1. 



Note o 72 (5) = 


= 6 and 




gcd(5 — 


1,72) = 


gcd(4, 72) = 4 


gcd(5 2 — 


1,72) = 


gcd(24, 72) = 24 


gcd(5 3 - 


1,72) = 


gcd(124, 72) =4 


gcd(5 4 — 


1,72) = 


gcd(624, 72) = 24 


gcd(5 5 - 


1,72) = 


gcd(3124,72) = 4 


gcd(5 6 - 


1,72) = 


gcd(15624, 72) = 72 
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Hence, there are 4 base points of 1-loops and 24 base points of 2-loops. Note: 
each 1-loop counts here, and so there are 20 base points of 2-loops that aren't 
base points of 1-loops; that is, 10 loops of length 2. Furthermore, the 4 base 
points of 3-loops are already counted by the 1-loops, and so on... Finally, 
there are 72 base points of 6-loops. Subtracting all possible base points of 
2-loops, we obtain 48 base points of 6-loops and hence, 8 6-loops. Therefore, 

s ,i(Zt2) = C(T) 04 © M 2 (C(T)) ffi10 © M 6 (C(T)) e8 . 

Remark: 4 + 2(10) + 6(8) = 72. 
(2) 6 ,i ( z 7?) : Note o 77 (6) = 10 and 

gcd(6 - 1, 77) = 1 gcd(6 2 - 1, 77) = 7 gcd(6 10 - 1, 77) = 77. 

That is, there is one copy of C(T), ^=4 = 3 CO pies of M 2 (C(T)), and ^j^- = 7 
copies of Mio(C(T)); i.e., 

6A (Z 77 ) = C(T) © M 2 (C(T))® 3 © M 10 (C(T)f 7 . 

Remark: 1 + 2(3) + 10(7) = 77. 

Proposition 3.16. Let p be prime and let ip(p — 1) denote the number of divisors 
of p — 1. Then the number of distinct (non-isomorphic) topological Z p -quivers is 
¥>(p-l)+3. 

Proof. Begin by noting that Aut(Z p ) = Z* = {1, ...,p — 1}, the numbers coprime to 



the prime number p. Hence, by Proposition 3.8 

for each k = 1 , . . . , p — 1. This gives us only the following quivers to check 
Q 0>0 (Z P ), Q ,i( z p)> Qifl(Zp) [the 3 in <p(p - 1) + 3], and Qi,„(Z p ) 

where n = l,...,p — 1. We see immediately that Qo )0 (Z p ),Q ^(Z p ) and Qi,o(Z p ) 
are all distinct since f2 ,o(^p) = Z p x Z p , f2 01 (Z p ) = {1} x Z p (i.e., all arrows 
have range equal 1) and fi 10 (Z p ) = Z p x {1} (i.e., all arrows have source equal 
1.) Furthermore, Qi,n(Z p ) has one and only one arrow with range k (likewise, with 
source k) so Qi, n (Z p ) is not isomorphic to any of Qo,o(Z p ), Qo,i(Z p ), or <5i,o(Z p ). In 
fact, Qi,n(Z p ) is solely defined based on the length of its loops; that is, the order of n 
in Z* as the previous proposition proves. Since all orders divide p — 1 and all orders 
are achieved, the resulting count of distinct topological Z p -quivers is <p(p — 1) + 3. 



□ 



3.3. Topological T d -Quivers. 



Example 3.17. For the compact abelian group T d , note End(T d ) = M d (Z) ([67]); 
that is, an element a G End(T d ) is of the form op for some F G M^(Z) where 

for each t G Z d . To simplify notation, use F and G in place of op and gq whenever 
convenient. For instance, 

Q F , G (T d ) := Q^ G iT d ) 
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and the C*-correspondence 



8 FG (T d ) :=£ n ^JT d ) 



where F,G e M^(Z). We will consider the cases when these maps are surjective; 
that is, det F and det G are non-zero. 

Let F,G G M d (Z) where det F, det G ^ 0. Then |kero>| = |detF| and so, the 
C(T d )-valued inner product becomes 



^f(i/)=iig(i) 



for £, 77 G £ FtG (T d ) — C(Q FtG (T d )) [by Lemma 3.6 and x G T d . This is a finite sum 
since the number of solutions, y, to crp(y) = cr G (x) given any x G T d is | det F| < oo. 

Remark 3.18. The left action, 0, is defined by 

<f>(°)€(z,y) = a(y)£(x,y) 

for a G C7(T d ), £ G C{tt F , G {T d )) and (x,y) G ^ G (T d ). Note: <p is injective. To see 
this claim, let a G C(T d ) and assume 0(a)£ = for each £ G C(f2^ ) c(T d )). Then 
a(y)f (a;, y) = for each (x, y) G Vt F:G {T d ) and £ G L7(ft F , G (T d )). Since s(ft F , G (T d )) = 
{y ET d \ (x,y) G ft F , G (T d )} = T d by the surjectivity of a F , a = 0. 

Examples of the form G = Id are studied in [21] and examples when d = 1 can be 
found in [HE] where gcd(n, m) = 1. Brenken [7] examines cases when F = aid and 
G is arbitary, and examines the associated C*-algebra when d=l, F = a£N and 
G = 1. 

In fact, a basis for £ FiG (T d ) can be provided using the following lemma and corol- 
laries to Proposition |3.8[ 

Proposition 3.19. If U,F,G G M d (Z) such that det U = 1 and det F, det G ^ 0, 
then FiG (T d ) = UF , UG {Y d ) Ff/ , Gf/ (T d ). 



Proof. This is evident from Proposition 3.8 □ 



Corollary 3.20. Given F, G G M d (Z) such that det F, det G ^ 0, there exist 
F',G' G Mrf(Z) with F' a positive diagonal matrix and 

F , G (T d ) = F ,, G ,(T d ). 

Proof. Using the Smith normal form (see [22]), there exist unimodular matrices 
U, V G Md(Z) and a positive diagonal matrix D G M^(Z) such that 

F = L/W. 

Hence Z7 _1 , G M^Z) are unimodular matrices and, by the previous proposition, 

F;G (T d )^0 D>u -i GV -i{T d ). 

□ 

The following lemma is well known: 
Lemma 3.21. Given r a finite subgroup of T d , XLer 2 = (in C d .) 
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Let F = Diag(ai, ...,a d ) G M d (Z),G = (b jk ) d k=1 G M d (Z) where a 3 - > for each 
j = l,...,d, detG 7^ and let Gj denote the j-th row of G, (bjk)f =1 - Further, let 
N = det F = Y\ d j=1 aj > and let 

3(F) = {v= (v 3 f. =1 G Z d | < Vj < a, - 1}. 

The C(T d )-valued inner product becomes 

°F(y)=vG(x) 

for all £,ri G C(n Ffi (T d )) and x G T d . 

Given v G 3(F), define u v G C(fi F , G (T d )) by 

d 

u„(x,y) = y u = Y[y Vj 
3=1 

for (z,y) G ^, G (T d ). So «( 0) o 1 ... 1 o) = 1 e C(fi F , G (T d )). Then 
(w„,tv)(a;) = J] 

o- F (2/)=o- G (a;) 

= ^ X ^""V - "' for any z G <7^ 1 (<T G (a;)) 

2Gker crp 

JO ifi/^i/ ^ 

[1 ifl/ = l/ 

Furthermore, since 

u v (u v ,£)(x,y) = u v (x,y)(u v ,£)(x) = y v '(u v , f) (x) , 

we have 

Olfos/) = ^ y v w v i(x,w) 

v£3(F) v£3(F)a F (w)=a G (x) 

= E lUv?*?K(*M- 

v a F (w)=a G (x) 3=1 



Note: if x = e 2mt and a F (w) = a G (x), then ity* = e 2m ( Gt )j where (Gt)j denotes the 
j-th coordinate of the vector Gt. Now note 



E 



i \ 1 if yj ^ Wj I if xs ^ w, 



3 3 



k=o L a -?' 11 yj - w 3 ("'J " ^3 



tfy j = w j [aj ifx^wj 



C*-ALGEBRAS ASSOCIATED WITH TOPOLOGICAL GROUP QUIVERS I 



25 



since yVvft = e 27ri(G *^ e -2 ™^ = 1 where x = e 2nit (t G Z d ). Hence, 



[ u v( u »' 0K x ,y) = x Yl if[y? w ?)£( x ' w ) 

v£3(F) v (j F (w)=a G (x) j=l 

1 d 

Thus, {u u } u( z2(F) is a basis for £ FtG (T d ). 

For v G and j G {1, d}, using notation from Theorem 2.18, set S u = S Uv , 

S = ^(o.o,...^) an d let {Uj} d =1 be the full spectrum unitaries in C(T d ) defined by 
Uj(y) = yj for y G T d . Then, using the notation 

U" = U^U? ■ ■ ■ U v d d , 

we have 

U v S = Suv. Uo = S u 
since \U V ■ Uo\(x,y) = y u = u u (x,y), and 

d 

u;>s = s u;3 . uo = sl[ut = su G i 

J k=l 

since [U? ■ u ] (x, y) = y a / = u ■ Uj o a G {x) = u ■ ]\ d k=1 U b k jk (x, y) = u ■ U G i (x, y). 

Remark 3.22. Proposition 2.21] states that if the left action is injective then 
the natural inclusion C(T d ) > F> G^ d ) is injective. Hence, the image of Uj in 
FiG (T d ) (still denoted Uj) is a full spectrum unitary since Uj is a full spectrum 
unitary in C(T d ). 



Thus, by Theorem 2.18 



Theorem 3.23. Let F = Diag(ai, ...,a d ),G G M d (Z) where detF,detG ^ and 
let Gj be the j-th row vector of G. Further, let 3(F) denote the set {u = (uj) d =1 G 
Z d | < Uj < dj — 1}. Then F%G ^ d ) is the universal C*-algebra generated by 
isometries {S v } ue ^p) and (full spectrum) commuting unitaries {Uj} d =1 that satisfy 
the relations 

(1) StS vl = (u v ,u v ,) = 5»', 

(2) U V S = S v for all v G 3(F), 

(3) UpS = SU G \ for all j = 1, d and 

(4) 1 = J2ueO(F) S u Sl = X^eir(-F) U U SS*U v 
where U v denotes Ylj=i Uj 3 ■ 

Corollary 3.24. Let n G N and G G M d (Z) where detG ^ 0, then O n , G (T d ) := 
Cni d ,G(T d ) is the universal C*-algebra 

C*({Uj} d j=1 , S | U*Uj = UjU* = U U SS*U- U = 1, = 6$ (a« G n d ), U?S = SU G >) 



u£n a 



where n d = {0, n — l} d . 
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Corollary 3.25. Let n G N and m G Z \ {0}, then O n>m (T) is the universal C*- 
algebra 

n-l 

C*(U, S I U*U = UU* = J2 U k SS*U~ k = 1, S*U k S = 5 k (0 < k < n-l), U n S = SU m ). 

3.4. A Topological T w -Quiver and Some Generalizations. We describe an 
example with a perfect compact kera which is T. Let r = T w := YlneN^ be the 
compact abelian topological group with the product topology. Tychonoff 's Theorem 
guarantees that T is a compact group. Let a G End(T w ) be the (surjective) group 
endomorphism 

v(t 1 ,t 2 ,t 3 , ...) = (t 2 ,t 3 , ...) 
for each (t u t 2 , t 3 , ...) G T w . Then 

n a , 1 (T") = {(x,y)ET"xT"\a(y)=x}, 

r -\ x ) = {x} x {(z,x) I z G T}, 

where (z,x) = (z, x±, x 2 , ■■■) G T w , and finally, \ x is the Haar measure on T. The 
C(T w )-valued inner product becomes 

{Z,y)(x)= / Z(x,(z,x))r}(x,(z,x))dz 

for each x G T w . 

Also note, given a G C(T W ) and £ G C(fi CT ,i(T w )), 

a*{a) ■ £(x, y) = a(a(y))£(x, y) = a(x)£(x, y) = • a)(x, y) 

for each (x,y) G fi CTj i(T w ). Hence, 

a*(a)S^ = S a #( a y£ = S£. a = S^a 

for each a G C(T W ) and £ G C(fi (7i i(T w )) where is the image of £ into the universal 
C*-algebra O^T*). 

This result is, in fact, a special case of the following: 

Proposition 3.26. Let T be a locally compact group and ct,/3 G End(T). For any 

£ G C(fi Q)/3 (r)) and a G C (r), we get 

7r(a#(a))T(0 = T(0n(P*(a)) 

where (T, 7r) is the universal representation coisometric on onto C ai| g(r). 

Proo/. Let a G C (F) and £ G C(Q Q)/3 (r)) then 

(a # (a) • f y) = a # (a)(y)£(x, y) 
= a(a(y))£(x,y) 
= ^(a:,?/)a(/3(a:)) 
= (t-p#(a))(x,y) 
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for each (x,y) G fl a ^(r) and hence, 

n(a*(a))T(0 = T{a#{a) • = T{£ • /?#(«)) = T(t)ir((3*(b)). 

□ 

Theorem 3.27. Suppose T is a compact group with a, /3 G End(r) and the left 
action <ft is injective (i.e., Q a ,p(^) is sinkless). If there exists an orthonormal ba- 
sis {Mj}" = i then O a ^{Y) is the universal C*-algebra generated by A = C(T) and 
isometries {Si}f =1 subject to 

(1) a # (a)Si = Si/3#(a) for each % = l,...,n and a G C(T) 

(2) s*s j = 5j 

(3) £ILi^* = i. 

If, in addition, there exist {aj}™ =1 C C(T) and u G {wi}™ =1 such that ai ■ u — U{ for 
each i = I, ...,n then C a ^(r) is the universal C*-algebra generated by A = C(T) 
and an isometry S subject to 

(1) a#(a)S = Sj3#(a) for each i — 1, .., n and a G C(r) 

(2) S* ai S = a* 

(3) EILi = i- 



Proof. This is none other than a special case of Theorem 2.18 



□ 

Corollary 3.28. Let T be a compact group with a, (3 G End(T) and <fi injective. If 
there exists u G £ a ^{T) where u(u, £) = £ for each £ G ^^(T) (i.e., 9 U}U = 1) then 
O a} p(r) is the universal C*-algebra generated by A = C(T) and unitary S such that 

a*{a)S = Sf3#{a) 

for all oeC(r). 

Remark 3.29. This corollary suggests a similarity to crossed products by Z. In 
some sense, what we have here is a "crossed product" by two endomorphisms. In 
fact, none of these last results are exclusive to topological group relations. Given 
a second countable locally compact Hausdorff space X, define a topological quiver 
Q = (X,{l a> p(X),r,s,\) with 

n a)P (X) = {(x,y)\a(y)=P(x)} 

for continuous maps a, (3 on X and appropriate measures A. Then similar conclusions 
remain true. 

4. Some C*-subalgebras of FG (T d ) 



By Proposition 3.8, we may assume (for the remainder of this paper) that F 



Diag(ai, dd) with ctj > 0. Let G G M<j(Z) with j-th row denoted Gj and det G^O, 
then recall the definitions of {Uj}j =1 and S from Section 3.3. Uj G C(T ) is the 
unitary defined by Uj(x) = Xj for each x = (xk)f =1 G T d , j G {l,...,d} and S 
is the iso metr y defined as the image of u = 1 G C(r2^ G (T d )) into Op,G^ d )- By 



Theorem 3.23, the C*-algebra Of,g(^ ) is the universal C*-algebra generated by the 



commuting unitaries {Uj}j =1 and isometry S satisfying: 
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(1) S*U"S = 6%, for all v G 3(F), 

(2) U- j S = SU G \ for all j = 1, d and 

(3) E^(F) u»ss*u-» = 1 

where 3(F) = {v = (vj) d j=1 G Z d | < uj < aj - 1}. 

Lemma 4.1. Given fceN and | detG| = 1, the C*-algebra C*({U j } (i =1 , S k ) viewed 
as a C*-subalgebra of Op^G^ d ) is a quotient of F fc iG fc(T d ). 
Proof. Let & = f^S fc for v G IJ(F fc ) = {(uj}* =1 \0<Uj< a) - 1} (S = S k ) and 

(1) S*U V 'S = (S k )*U u 'S k = 6g, for each v' G 



so 



Also, by (3) of Theorem 3.23 



U a * G iS = [f[ U^ m ]S = s f[ u b l imbml = su {G ' 2) >. 



Thus, 



m=l 



a, Gj ck—1 



ml=l 



2. l ys SI ", 



SkfjiG^j = SU(G% 



For k = 2, we may write v = Uq + fi ■ v\ [point- wise product and sum] where 
H — (ax, ad), v% G 3(F). Next, note for any oj G 3(F), there exist unique v\ G 3(F) 
and unique k Ul G Z d such that (v\ + k Ul ■ fi)G = u (matrix multiplication on the 
right) by the bijectivity of G. Hence, 



u viG ss*u- uiG 

*i 63(F) 



'y ^ Jj( Vl + k v 1 -y)G gTJ k i>i G 2 JJ-k Vl G 2 g* jj— (y\ +k v± -n)G 
^ ^ Tj(vi+ k v 1 -v)G Cjg*jj-( u i+kv 1 -^)G 



u< G ss*u-^ G = 1. 

< 63(F) 



This gives us 



u u ss*u- v = u vo u^ i s 2 (s 2 yu-^ i u- 



u ,vi<=3(F) 

^2u uo S [U^ 1 iui) i G iSS*U~ e ? =l } J Gj ] S* U~~ VQ 



J2u uo ss*u~ uo = 1. 



"0 



A similar argument can be used to show XLe;j(F fc ) = 1 where G N. Hence, 
by Theorem 3.23 universality implies that there exists a surjective homomorphism 
of O pk G k(T d ) onto C*({Uj} d j=1 , S k ). 

□ 
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Lemma 4.2. If kj\a,j for each j = l,...,d and gcd(det F, det G) — 1 then 

C*{{U*} d j=1 ,S) = FtG {T d ). 

Next assume kj\a,j for all j = 1, ...,d. Then there are pj G N such that aj = kjPj, 
hence 

l "y = {uf)** e C*({ufY ]=l ,S) 

for all j = 1, d. Further note U G > = S*U- ] S G C* ({£/*' }J =1 , 5). 

Let Q = = [Qi---Qrf] T = ac U G G Md(Z), the adjugate of G and G = 

[C7 , 1 ...G" d ] so that QG = GQ = (detG)l d and hence, QjG' m = {det G)5™. Then given 
t G T d and j G {1, d}, we have 

ci d d 

} J qjiGit = ^2(qjibi m )t m = 22QjG' m t m = (det G)tj 

1 = 1 771=1 i = l 771 

showing that 

I 

Finally, since gcd(det F, det G) = 1, we have gcd(aj, det G) = 1 for each j. Hence, 
there exists p,q G Z such that 1 = paj + q det G and 

Uj = up +qdetG = (u- 3 ) p (uf ctG ) q g c*({ufy j=11 s) 

for each j = 1, d. We have now shown that the generators {Uj} d =1 and S are in 
C* ( { U* J } d =1 , S) . Therefore, 

F , G (T d ) C C"({E0J =1> £') C F , G (T d ) 
and hence, we have equality. 

□ 

Proposition 4.3. Let {kj} d =1 C N and gcd(det F, det G) = 1. Then, as a C*- 
subalgebra of FyG (T d ), C* ({uf } d =l , S) is a quotient of F , G (T d ). 
Proof. If gcd(fcj, ay) > 2 then represent fcj = and eij = p^qj where p is prime 
and pj, qj have no factors of p. Suppose ay > (3j then kjqj = p aj ~^pjaj and 

jjp a i~^ipjGj = ,s-.s7"' ' /,if/ < = s*uf qj s g craupy^s). 

As in Lemma 4.2 we obtain 

and using gcd(det F, det G) = 1, 

af'"^ G ('■({( y} r S). 
Suppose aj < (3j then kjP^'~ aj qj = PjChj, so similarily 

uf g r"i{rf 

These cases show us that we may assume gcd(fcj, aj) = 1 for all j = 1, d. 
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Suppose gcd(fcj, a,j) = 1 for all j = 1, d, then 

{(Xih mod ai, X d k d mod a d ) | Xj G {0, a 3 - - 1}} = ® d =x 7L ay 
Hence, given A G 3(F), there exists l\ G 3(F) and p\ G Z d such that 

Xk = l\ + (that is, Aj&j = lj + cijPj) 

where \i = (a 1; a d ). Set 

s x = u Xk s g craufy^s). 

Then 

^S Al S* = ^(f/ Afc S)(f/ Afc ,S)* 

A A 
A 

= Yl Sl * S h = 1 

k 

Furthermore, by setting to be the full spectrum unitary C/- J , we obtain 

(1) s v = vtrs, 

(2) = 

(3) W?'£ = ,SW G '-, and 

(4) ^2 v w v ss*w- v = 1. 

That is, noting 5 = £(o,...,o)j C*{{U^ } d = i, S) is the universal C*-algebra generated 
by commuting full spectrum unitaries Wj and isometries {S u } u ^p) such that 

(1) s v = ws, 

(2) s;s u , = 

(3) W?S = SW G *, and 

( 4 ) ^2„w v ss*w- v = 1. 

By Theorem 3.23, the universality of OF,c0^ d ) implies that there exists a surjective 

hi 



homomorphism of F>G (T d ) onto C*({U- J } d =1 ,S). 



□ 

5. Spatial Structure of FjG (T d ) 

We now turn our attention to a colimit structure of F}G (T d ). 

Lemma 5.1. Let O = spMi{S a U u S* p \ a = (ct^Li, P = {f$i)%\MM G N, a,-, (3j G 
3(F), i/ G Z d } where S Q = 5 ai ■ • ■ S ak . Then 

O = F)G (Y d ) 

Proof. Begin by noting S ai = U ai S. With the notation aj = (ay)jLi G 3(F) 

,,,+, , , I S'ai+ej if OHj < Cbj - 1 



Son-fa-lfoU 6 * if Q!y = flj - 1 
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where ej is the vector with 1 in the j-th coordinate and elsewhere. Also, 

(1) i = e^60, 

(2) U, = J2 u S u+ej SteO, 

(3) S = Zu SS„S; G O, and 

(4) s* = J2„ s u s;s* e o. 

Finally, 

u*s = u**- x su- G > = s {a] . l)ej u-^- 

hence, any word in {Uj, U*}j, S and S* may be expressed as the sum of elements in 
O. 

□ 

Given a = (atj)j =1 where atj G 3(F) and k, the "length of a," is denoted by \a>\. 
Let 7 : T — > Aut(0 FjG (T d )) be the gauge action (see [56]) defined by t M- where 

■jt(S) = tS lt(Uj) = Uj for each j = 1, ...,d. 

If S a U v S} G Of.gCT*) 7 (the fixed point algebra) then 

s^s; = it{s*u v s* p ) = tw-ws a u»s; 

implies \a\ = \/3\ (since S a U u Sp ^ 0.) Thus, 

F , G {T d y D spm{S a U v S} | \a\ = \P\,ue Z d }. 

Furthermore, since T is compact, averaging over 7 with respect to normalized Haar 
measure produces an expectation of F)G (T d ) onto F>G (Y d )' 1 . Let E : FtG (T d ) ~~ >* 
FtG (T d )' y be the expectation onto the fixed point algebra Of,g^' 1 ) 1 defined by 

E(x) = I j t (x)dt 

JT 

for each x G F)G (T d ) (see [SH Section 4.1]). Then for S a U v S^ G F)G (T d ) where 
a G 3(F) kl , (3 G 3(F) k ' 2 and v G Z d as in Lemma 5.1, note 



E(S a U v S}) = [ t H ~ m S a U"Spdt 
Jr 



q j jf q* p2n 

• » l ■ < I e 2ni[\a\-\p\]z dz 



2vr jo 

^[filSf]^ ^ 1/31 

= fair's; 

and by Lemma 5.1, 

FiG (T d y = E(0 F , G (T d )) = mn{s a u"s; \ \a\ = \P\,ue Z d }. 

Proposition 5.2. Let A k = span{S a U u S* fi \ \a\ = |/3| = k, v G Z d } for k G N U {0}. 
Then Ak is a unital *-subalgebra of F)G (T d )' r with .Afc C Ak+i- Moreover, 

F , G (T d y = Uk~A~k~. 
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Proof. Note S^Sp = 6%, thus Ak is closed under multiplication. Furthermore, 

C TTV Q* Q \ ^ C Q*JTVQ* 

O a U Op — O a 2_ J D /J, / 1 U °f3 



where (a,/i) = (a>i, ...,ak,fi) and and are the appropriate vectors with 

s*u v = s*u"-^ L = u v »s*u-™» = U"»S* . 

Finally, 1 = S U S; G Ax C A k . 

□ 

Remark 5.3. This result comes as little surprise by Proposition 5.7 of [38] which 
states that, in general, the fixed point algebra coincides with an inductive limit. 
This aside, our result leads us to something more interesting. 

Lemma 5.4. Let E a p = S a S% where a, (3 G 3(F) k . Then {Eap}^ is a system of 
matrix units for M N k(C) in Ak- 

Proof. We need only check the properties of matrix units: 

{^)E a /3E a rp/ = S a SpS a iSp, = 5p S a Sp, = 5p E a p/, 

( 2 ) Eaa = SaS * a 

a a 

den ' ' ' ^'a k _ 1 >Jak a k ' => a k _ 1 ' ' ' "ai 

ai,...,a k 

/] Sen ■ ' ■ "Sajfe-i [ /J ^fc^aj ^a fc _i " ' 
...,afe_l afc 

^ S' Q , 1 ■ • ■ 5'a fc _ 1 [l]5'a fe _ 1 • ■ ■ S'aj 



ai,...,afe_i 



ai 



□ 



Lemma 5.5. [361 Lemma 11.4.8] If is a type I factor and i? is a C*-subalgebra 
of AI', the commutant of At, and A is the C*-algebra generated by At U 5, then 
there is an isomorphism ip : At <8> I? — > A such that y?(m Cg) fe) = mb for elementary 
tensors m ® b E At ® B. 

Note Affc := span{5 Q ^ | a,0 G U(F) fc } = My k (C) (by Lemma 5.4) is a type I 
factor. Let 5 fc = C*({C/° J }^ =1 ) ^ C(T d ) (since uf is a full spectrum unitary (see 



Remark 3.22[ )), then Ak is the C*-algebra generated by Ai k and Bk- Indeed, note 

ufs a s; = s a u^s; 
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for each a, /3 G 3(F) k and j = 1, d Note, in the proof of Lemma 4.1, there exists 
{Qji}j,l=i C Z such that 

d 

52< Ul (G") l t=(detG k )t j 
i=i 

for each j = l,...,d. Hence, C// etG& G C*({U^} d =1 ). Further note {f/f tGfc }^ =1 
generates the faithful image of C(T d ) in OF,G^ d ) (since det G* = (det G) k ^ and 
the left action is injective.) Thus, Ak is the C*-algebra generated by Aik and Bk- 
Furthermore, 

ufs a s; = s a u^s; = s a {s p u-^y = s a (u^s p y = s a spf 

for each j = 1, d and a, G 3(F) k ; hence, the generators of B commute with the 
generators of A4. Thus, B may be viewed as a C*-subalgebra of M.' . Hence, we use 
the previous lemma. 

Theorem 5.6. 

Ak = G(T d ) <g> M Nk (C) 

Proof. By Lemma 5.5, we obtain an isomorphism ipk '■ Bk® M-k Ak- Let ipB k '■ 
Bk — > C(T ) and ipM k '■ -Mk — > M N k(C) be isomorphisms, then 

is an isomorphism. 

□ 

Hence, for the maps ^ : C(T a! ) ® Afy*(C) = A ^ A+i = C(T d ) ® Afyk+i(C), 
we have 

FjG (TV = cohm(M Jvfc (L7(T d )),^ fc ). 

We use the identification C(T d ) ® M^C) = Mjv fc (L7(T d )). 

We now define the notion of a crossed product by an endomorphism as discussed 
in [62]. 

Definition 5.7. [52] A crossed product (of multiplicity 1) for an endomorphism p 
of a unital C*-algebra A with 

Aoo = colim fc6N (A,p) ^ 

is the (unique) unital C*-algebra A x p N together with a homomorphism «, : A — > 
A x p N with ^(Ia) = l.AxpN> and an isometry s G A x p N such that 

(1) i(p(a)) = si(a)s* for all a G A 

(2) for every representation tt of A and isometry £ satisfying n(p(a)) = t7r(a)t* 
for all a G A, there exists a non-degenerate representation 7rxTofAx p N 
with 

(nxT)oL = n and (vr x T)(s) = t. 

(3) A x p N is generated by and s. 
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Let p k : C(T d ) ® M N k(C) ->■ C(T d ) ® M^+i(C) be defined on basic tensors of 
C{T d ) ®M Nk (C) by 

/ <8) E a p !->■ f <g) J5( ,a)(0^) 

where a, /3 E 3{F) k and / G C(T d ). Note that since {-Eo^laj/SeJC-F)* is linearly inde- 
pendent, the definition of extends, by linearity, to all of C(T d ) <g> M iV fe(C). 

Lemma 5.8. Let p fc : C(T d ) <g> M^C) -> C(T d ) <g> Mjv*+i(C) be defined by 

/ ® £ Q( g (->• / ® £( , a )(0,/3) 

on the basic tensors, f®E aP , of C{T d )®M m (C) where a, /3 G IJ(F) fc and / G C(T d ). 
Then is a (continuous) *-homomorphism for each fc£N and the following diagram 



commutes 




C(T d ) <g>M JV *(C)-^C(T i ) ® M Nk+ i(C) - + ' 

Pk+l 

Pk >r 



C{T d ) ®M Nk {C)^+C{T d ) ®M Nk+ i{C) 



Proof. Note for any Y. a ,p&3(F) k U,P ® ^<*/3 and S a ',/?'eir(F) fe ® 



Pfc(( 2J fa,P®E aj3 )( 22 fa',P' ® Ea'P')) 
a,/3£3(F) k a',/3>£3(F) k 



Pk{ ^2 fa,pfa',P' ® E a pE a ij3i) 

a,P,a',P'E3(F) k 

Pk{ 2j fa,pfp,P' ® #a/3') 
a,p'&(F) h 

fa,pfp,P' <S> £ ! (0,a)(Q,/9')) 

a,/3'e3(F) fe 

( ^ /a,/3 ® #(Q,a)(0,/3))( /a',/3' ® £(0,a')(0 >( 9')> 

a,,3ea(F) fc a'„3'e3(F) fc 

f<*,P®E a p)p k ( ^ fa',P' ® Ea'P') 
a,P£3(F) k a',P'e3(F) k 



Recall that A C *4&+i- Let ^ denote the inclusion and recall, for any S a U u Sp G 

A 

i k {s a u»s$ = s a ( s,s;)u»s; = £ s^ir^^ 



for appropriate ^ G Z and tu M G 2T(F) as in Proposition 5.2 Thus for (p^ defined 
in the paragraph proceeding Theorem |5.6[ 
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for the appropriate G Z d and G 3(F)- Furthermore, since 

^fc+i(5 , (o,a)^'S'('o,/3)) = SS a ( SpS'pU" SpS* 

M e3(F) 



we obtain 



Hence, 



<fk+l{U V ® £'(0,a)(0^)) = ^2 U Vfl ® •£'(0,a,M)(Q,i9,ti7„)- 

M£3(F) 

= ^ <g> ^(0,^(0,^) 

063(F) 



and 



(V9 fc+ i O p k ){U U ® E a p) = (fk+l{U U <g> S(o,a)(0^8)) 

for all U u ® G C(T d ) £g> Mjyfc(C). The result now follows from the linearity and 
continuity of p k and ip k - 

□ 

Let jk '■ Ak e -t C^gOT'*) 7 be the natural inclusion *-homomorphism for each 
k G N and let : *4fc — >■ C^gOT^) 7 be the composition j fc+1 o Pfe ^fc f° r 



G N where is the isomorphism in Theorem 5.6 Then the solid diagram 

F n(Y d V 



Pk-1 




p k vPW ^ 



: >A k -i- >A k — — >A k+ i- ► *0 F , G (Yy 

commutes and hence, there exists a (unique) *-endomorphism p on 0j?c(T d ) 7 mak- 
ing the entire diagram commute. A diagram chase ensures that 

p(S a fS*p) = S(p,a)fS(Q,i3) 

for S a fS; G F , G (T d )^. 
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Theorem 5.9. 

where p G End(C F , G (T d y) is defined above. 

Proof. Let (t,s) : O f ^ g (T^Y' — >• FtG (T d y XpN be the universal representation as 



described in Definition 5.7 Then let lq '■ FjG (T d y ~>* ^F,G^ d ) be the natural 
inclusion and let S G Cf.gC^) denote the isometry5 , (o,o,...,o) defined in Theorem 
[37231 Note 

to{p{S a U u S*p)) = S(o )a )U v S( 0j p} = SS a U v SpS* = SLo(S a U u Sp)S* 
for all generators S a U v S} G F , G (T d y. Hence, 

La(p{x)) = Si (x)S* 

for each x G C^gCT^. Furthermore, note C*(0 F>G (T d y, S) = F)G (T d ). Therefore, 
there exists a homomorphism 

T:0 F]G (T d yxi p N^O F , G (T i ) 

such that 

rot = t and r(s) = 5. 



Recall by Lemma 5.1, there exists x G F}G (T d y such that p(x u ) = U v for each 
v G 3(F). Then 

(1) Given je{l,...,d}, 

itUjps = L{p{x)) a >s = st(xps*s = si(x a i) 

and 

x "i = S*Sx a >S*S = S*p(xpS = S*U a >S = U Q i. 

Hence, 

^Ujps = sl(U) g > 

for each j. 

(2) Given v G 3(F), 

s*i(U) v s = s*i(p(x)) v s = s*sl(xYs*s = u(x) v 

and 

x » = S*Sx"S*S = S*p(xfS = S*U U S = 6%. 

Hence, 

s*i(uy s = 5 v 

for each v G 3(F). 

(3) Finally, 

L(uyss*L(uy» = i(uyi( P (i))i(uy v = £ l(u v ss*u- v ) = l(i) = 1. 
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Therefore, by Theorem 3.23 there exists a homomorphism 

a:0 FiG (T d )^0 F , G (T d y x p N 



such that 

Uj i — y l(Uj) for each j = 1, d and S i— > s. 

Then 

{TOa){U j ) = {TOL){U j )=L Q {U j ) = U j 

for each j = 1, <i and 

(roa)(S) = t(s) = S. 
Hence, t o a = id OFG fjdy Furthermore, for each S a U u Sp e FjG (^S d )' ) ' ■> 

{aor)(t(S a U v S;)) = a(S a U 1/ S;) 

= a{U ai SU a2 S- ■ ■ U^SU^^-^S^'^- 1 ■ ■ ■ S*U-^ 

= i(U ai )si(U a2 )s ■ ■ ■ L{U ak )si{U v )s*L{U- Pk )s*i{U- h -') ■ ■ ■ s*i{U- px ) 

= i(U ai )si(U a2 )s ■ ■ ■ L{U ak -')S*i{U ak SU u S*U- h ))s*L{U~ Pk -') ■ ■ ■ s*i{U~ h ) 

= ■■■ = L(s a u»s;) 

and 

(a o t)(s) = cr(S) = s. 
Thus, by Lemma 5.1 a o r = id OFG ( T d) 7MpN and so, 



FtG (T d ) * FtG (T d y x p N S (colim fc (M Jvfc (L7(T d ))) x p N 

□ 
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